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REMARKS ON GRAPHONS1
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Abstract The notion of the graphon (a symmetric measurable fuzzy set of [0, 1]2) was
introduced by L. Lova´sz and B. Szegedy in 2006 to describe limit objects of convergent
sequences of dense graphs. In their investigation the integral
t(F,W ) =
∫
[0,1]k
∏
ij∈E(F )
W (xi, xj)dx1dx2 · · · dxk
plays an important role in which W is a graphon and E(F ) denotes the set of all edges of
a k-labelled simple graph F . In our present paper we show that the set of all fuzzy sets
of [0, 1]2 is a right regular band with respect to the operation ◦ defined by
(f ◦ g)(s, t) = ∨(x,y)∈[0,1]2(f(x, y) ∧ g(s, t)); (s, t) ∈ [0, 1]
2,
and the set of all graphons is a left ideal of this band. We prove that, if W is an arbitrary
graphon and f is a fuzzy set of [0, 1]2, then
|t(F ;W )− t(F ; f ◦W )| ≤ |E(F )|(sup(W )− sup(f))∆({W > sup(f)})
for arbitrary finite simple graphs F , where ∆({W > sup(f)}) denotes the area of the set
{W > sup(f)} of all (x, y) ∈ [0, 1]2 satisfying W (x, y) > sup(f).
1 Fuzzy sets
Let S be a non-empty set. A function of S into the unit real interval [0, 1] is
called a fuzzy set of S ([12]). The set of all fuzzy sets of S will be denoted
by F(S).
Let S be a multiplicative semigroup, that is, a non-empty set together
with an associative multiplication. For arbitrary f, g ∈ F(S) and an element
s ∈ S, let
(f ◦ g)(s) =
{
∨s=xy(f(x) ∧ g(y)), if s ∈ S
2
0, otherwise.
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Using the fact that the unit interval [0, 1], ordered in the natural way, is a
completely distributive lattice (see [9] or [10]), the operation ◦ is associative
on the set F(S), and so (F(S); ◦) is a semigroup. For this result (published
without proof), we refer to [3, Proposition 1.2] or [6, Section 2.3].
It is easy to see that, on an arbitrary non-empty set S, the operation
defined by ab = b (a, b ∈ S) is associative, and so S is a right zero semi-
group ([7]). Thus, if S is a non-empty set, then (F(S); ◦) is a semigroup; for
arbitrary a ∈ S and fuzzy sets f and g of S,
(f ◦ g)(a) = ∨x∈S(f(x) ∧ g(a)), (1)
because xa = a for every x, a ∈ S. In the next, if S is a non-empty set, then
we can suppose that (F(S); ◦) is a semigroup under the operation ◦ defined
in (1).
For a fuzzy set f and a subset X of a set S, let supX(f) = ∨x∈Xf(x).
Especially, let sup(f) = supS(f). If f and g are arbitrary fuzzy sets of S,
then let gf and g
∗
f denote the following fuzzy sets of S: for an arbitrary a ∈ S,
let
gf(a) =
{
sup(f), if g(a) > sup(f)
g(a), otherwise
and
g∗f(a) =
{
g(a)− sup(f), if g(a) > sup(f)
0, otherwise.
Lemma 1.1 For any fuzzy sets f and g of a set S, we have gf + g
∗
f = g.
Proof. By the definitions of gf and g
∗
f , it is obvious. ⊓
Lemma 1.2 For any fuzzy sets f and g of a set S, the equations gf = g and
fg = f together hold if and only if sup(g) = sup(f).
Proof. Assume gf = g and fg = f . Then, for every a ∈ S, we have g(a) ≤
sup(f) and f(a) ≤ sup(g) and so sup(g) ≤ sup(f) and sup(f) ≤ sup(g).
Thus sup(g) = sup(f).
Conversely, assume sup(g) = sup(f). Then, for every a ∈ S, g(a) ≤
sup(f) and f(a) ≤ sup(g) from which we get (by the definition of gf and fg)
that gf = g and fg = f . ⊓
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Lemma 1.3 If f and g are fuzzy sets of a set S such that sup(f) ≤ sup(g)
then sup(gf) = sup(f) and sup(g
∗
f) = sup(g)− sup(f).
Proof. Let f and g be fuzzy sets of a set S. If sup(f) = sup(g), then
g(a) ≤ sup(f). Thus gf = g and g
∗
f = 0. In this case
sup(gf) = sup(g) = sup(f)
and
sup(g∗f) = 0 = sup(g)− sup(f).
Consider the case when sup(f) < sup(g). Then there is an element
a ∈ S such that g(a) > sup(f) (in the opposite case g(a) ≤ sup(f) for
every a ∈ S which implies sup(g) ≤ sup(f), contradicting the assumption
sup(f) < sup(g)). Let
X = {a ∈ S : g(a) > sup(f)}.
It is clear that sup(g) = supX(g). For the elements a ∈ X , we have
gf = sup(f);
for the elements b ∈ S \X (if S \X 6= ∅),
gf(b) ≤ sup(f).
Thus
sup(gf) = sup(f).
It is clear that, for every a ∈ S, we have
g∗f(a) ≤ sup(g)− sup(f).
Thus sup(g)− sup(f) is an upper bound of g∗f . Let C be an upper bound of
g∗f . Then, for every a ∈ X , we have
g(a)− sup(f) ≤ C,
that is,
g(a) ≤ C + sup(f).
From this it follows that
g(a) ≤ C + sup(f)
3
for every a ∈ S. Thus
sup(g) ≤ C + sup(f)
and so
sup(g)− sup(f) ≤ C.
Consequently
sup(g)− sup(f) = sup(g∗f).
⊓
Theorem 1.4 Let S be a non-empty set. For every fuzzy sets f and g of S,
we have f ◦ g = gf .
Proof. Let f and g be arbitrary fuzzy sets of a non-empty set S. Then
(F(S); ◦) is a semigroup, where ◦ is defined in (1). Let a be an arbitrary
element of S.
Case 1: If g(a) > sup(f) then f(x) ∧ g(a) = f(x) for every x ∈ S, and so
(f ◦ g)(a) = ∨x∈Sf(x) = sup(f).
Case 2: If g(a) ≤ sup(f), then we have two subcases.
Case 2a: If g(a) = sup(f) then f(x) ∧ g(a) = f(x) for all x ∈ S, and so
(f ◦ g)(a) = ∨x∈Sf(x) = sup(f) = g(a).
Case 2b: If g(a) < sup(f), then there is an x0 ∈ S such that f(x0) > g(a)
and so
f(x0) ∧ g(a) = g(a).
Moreover, for arbitrary x ∈ S \ {x0}, we have
f(x) ∧ g(a) =
{
g(a), if g(a) < f(x)
f(x), if f(x) ≤ g(a),
that is,
f(x) ∧ g(a) ≤ g(a).
Hence
(f ◦ g)(a) = (f(x0) ∧ g(a)) ∨ (∨x∈S\{x0}(f(x) ∧ g(a)) = g(a).
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Summarizing our results, Case 1, Case 2a and Case 2b together show that
(f ◦ g)(a) =
{
sup(f), if g(a) > sup(f)
g(a), otherwise,
that is,
(f ◦ g)(a) = gf(a),
which proves our assertion. ⊓
An element a of a semigroup is said to be an idempotent element if a2 = a.
A semigroup is said to be a band if its every element is an idempotent element.
A commutative band is called a semilattice. A band is said to be a a right
regular band if it satisfies the identity axa = xa ([7]).
A congruence α on a semigroup A is said to be a semilattice congru-
ence if the factor semigroup A/α is a semilattice. A semigroup A is said to
be semilattice indecomposable if the universal relation is the only semilat-
tice congruence on A. It is known ([11]) that every semigroup has a least
semilattice congruence; the classes of this congruence are semilattice inde-
composable.
Lemma 1.5 ([8, II.1.1. Proposition]) The relation η on an arbitrary band
B defined by (a, b) ∈ η if and only if aba = a and bab = b (a, b ∈ B) is the
least semilattice congruence on B.
Lemma 1.6 ([8, II.3.12. Proposition]) A band B is a right regular band if
and only if the η-classes of B are right zero semigroups.
Theorem 1.7 If S is an arbitrary non-empty set with the operation ab = b
(a, b ∈ S), then the semigroup (F(S); ◦) is a right regular band, and so the
η-classes of F(S) are right zero semigroups. Two fuzzy sets f and g are in
the same η-class if and only if sup(f) = sup(g).
Proof. By [3, Proposition 1.2], (F(S); ◦) is a semigroup. By Theorem 1.4,
it is clear that f ◦ f = f for every f ∈ F(S), and so (F(S); ◦) is a band. By
Theorem 1.4,
g ◦ f ◦ g = g ◦ gf .
As sup(g) ≥ sup(gf), we have g ◦ gf = gf . Thus
g ◦ f ◦ g = gf = f ◦ g.
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Hence (F(S); ◦) is a right regular band.
Let η denote the least semilattice congruence on (F(S); ◦). By Lemma 1.6,
the η-classes of F(S) are right zero semigroups. Let f and g be arbitrary fuzzy
sets of S. Then
(f, g) ∈ η ⇐⇒ f ◦ g ◦ f = f and g ◦ f ◦ g = g.
As (F(S); ◦) is a right regular band, we have
f ◦ g ◦ f = g ◦ f and g ◦ f ◦ g = f ◦ g.
Thus
(f, g) ∈ η ⇐⇒ g ◦ f = f and f ◦ g = g.
Using Theorem 1.4,
(f, g) ∈ η ⇐⇒ fg = f and gf = g.
By Remark 1.2, we get
(f, g) ∈ η ⇐⇒ sup(f) = sup(g).
⊓
2 Graphons
Let (S,A, µ) be a measurable space ([2]). For a fuzzy set h of S and a real
number A, let
{h > A} = {s ∈ S : h(s) > A}.
A fuzzy set h of S is said to measurable if, for every real number A, the
subset {h > A} of S is measurable (that is, {h > A} ∈ A).
Lemma 2.1 Let S be a measurable space. Then, for an arbitrary fuzzy set
f and an arbitrary measurable fuzzy set g of S, the fuzzy sets gf and g
∗
f are
measurable.
Proof. Let f and g be arbitrary fuzzy sets of S such that g is measurable.
If sup(f) ≥ sup(g), then gf = f ◦ g = g and g
∗
f = 0. In this case the fuzzy
sets gf and g
∗
f are measurable.
6
Consider the case when sup(f) < sup(g). Then sup(gf) = sup(f) and
sup(g∗f) = sup(g)−sup(f) by Lemma 1.3. Let A be an arbitrary real number.
It is easy to see that
{gf > A} =
{
∅, if A ≥ sup(f)
{g > A}, otherwise
and
{g∗f > A} =


∅, if A ≥ sup(g)− sup(f)
{g > A+ sup(f)}, if 0 ≤ A < sup(g)− sup(f)
S, if A < 0
from which it follows that gf and g
∗
f are measurable fuzzy sets of S. ⊓
A fuzzy set f of [0, 1]2 = [0, 1]× [0, 1] is said to be symmetric if f(x, y) =
f(y, x) is satisfied for all (x, y) ∈ [0, 1]2.
Lemma 2.2 If f is an arbitrary fuzzy set and g is a symmetric fuzzy set of
[0, 1]2, then gf and g
∗
f are symmetric fuzzy sets of [0, 1]
2.
Proof. It is obvious by the definition of gf and g
∗
f . ⊓
A symmetric and measurable fuzzy set of [0, 1]2 is said to be a graphon
([4]). Let W0 denote the set of all graphons.
Lemma 2.3 If W is a graphon and f is a fuzzy set of [0, 1]2, then Wf and
W ∗f are graphons.
Proof. By Lemma 2.1 and Lemma 2.2, it is obvious. ⊓
A non-empty subset L of a semigroup S is called a left ideal of S if sa ∈ L
for every s ∈ S and a ∈ L. It is clear that a left ideal of a semigroup S is a
subsemigroup of S.
Theorem 2.4 The set W0 of all graphons is a left ideal of the right regular
band (F([0, 1]2); ◦) of all fuzzy sets of [0, 1]2. Thus the semigroup (W0; ◦) of
all graphons is a right regular band, and so it is a semilattice I of right zero
subsemigroups Si (i ∈ I). Two graphons W1 and W2 are in the same Si if
and only if sup(W1) = sup(W2).
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Proof. Let W be a graphon and f be a fuzzy set of [0, 1]2. By Lemma 1.4,
f ◦W = Wf . Then f ◦W is a graphon by Lemma 2.3. Thus the set W0 of
all graphons is a left ideal of the semigroup (F([0, 1]2); ◦) of all fuzzy sets of
[0, 1]2. By Theorem 1.7, the semigroup (F([0, 1]2); ◦) and so its subsemigroup
(W0; ◦) is a right regular band. Moreover, the η-classes of W0 are right zero
semigroups; two graphons W1 and W2 are in the same η-class if and only if
sup(W1) = sup(W2). ⊓
Let σ denote the relation on the set W0 of all graphons defined by
(W1,W2) ∈ σ if and only if W1 =W2 almost everywhere in [0, 1]
2.
Corollary 2.5 The relation σ ∩ η is a congruence on the semigroup (W0; ◦)
of all graphons, where η is the least semilattice congruence on (W0; ◦).
Proof. Let W1 and W2 be two graphons with
(W1,W2) ∈ σ ∩ η.
Then, using Theorem 2.4, we have sup(W1) = sup(W2) and W1 = W2 al-
most everywhere in [0, 1]2. Let W be an arbitrary graphon. As sup(W1) =
sup(W2), we have
W1 ◦W = W2 ◦W.
Thus
(W1 ◦W,W2 ◦W ) ∈ σ ∩ η.
Hence σ ∩ η is a right congruence on (W0; ◦).
Let T denote the set of all point (x, y) ∈ [0, 1]2 for which W1(x, y) 6=
W2(x, y). As (W1,W2) ∈ σ, the area of T is 0. It is clear that
{(x, y) ∈ [0, 1]2 : (W ◦W1)(x, y) 6= (W ◦W2)(x, y)} ⊆ T
and so
(W ◦W1,W ◦W2) ∈ σ.
As (W1,W2) ∈ η and η is a congruence on (W0; ◦), we have
(W ◦W1,W ◦W2) ∈ η.
Thus
(W ◦W1,W ◦W2) ∈ σ ∩ η
8
and so σ ∩ η is a left congruence on (W0; ◦). Thus σ ∩ η is a congruence on
(W0; ◦). ⊓
For a graph G, let V (G) and E(G) denote the set of all nodes of G and
the set of all edges of G, respectively. For two finite graphs G and H , let
hom(G,H) denote the number of homomorphisms from G to H . Consider
the homomorphism density
t(F,G) =
hom(F,G)
|V (G)||V (F )|
,
which is the probability that a random map of V (F ) into V (G) is a homo-
morphism ([5]).
Let Gn be a sequence of simple finite graphs whose number of nodes tends
to infinity. We say that the sequence Gn is convergent, if the numerical
sequence t(F,Gn) converges for every finite simple graph F ([4]). Let T
denote the set of all graph parameters f with the condition that there is a
convergent sequence of simple graphs Gn such that f(F ) = limn→∞ t(F,Gn)
for every simple graph F .
By [4, Theorem 2.2], f ∈ T if and only if there is a graphon W such that
f(F ) = t(F,W ) :=
∫
[0,1]k
∏
ij∈E(F )
W (xi, xj)dx1dx2 · · · dxk
for every simple graph F with V (F ) = {1, 2, . . . , k}.
LetW be a graphon and f a fuzzy set of [0, 1]2. By Theorem 2.4, f ◦W is
also a graphon. Thus we can consider the integral t(F ; f ◦W ) for every simple
graph F . If sup(f) > sup(W ), then f ◦W = W and so t(F,W ) = t(F, f ◦W ).
The next theorem gives an upper bound for |t(F ;W )− t(F ; f ◦W )| in that
case when sup(f) ≤ sup(W ).
Theorem 2.6 Let W be an arbitrary graphon. Then, for an arbitrary fuzzy
set f of [0, 1]2 with sup(f) ≤ sup(W ) and an arbitrary finite simple graph F ,
|t(F ;W )− t(F ; f ◦W )| ≤ |E(F )|(sup(W )− sup(f))∆({W > sup(f)}),
where E(F ) denotes the set of all edges of F and ∆({W > sup(f)}) denotes
the area of the set {W > sup(f)} = {(x, y) ∈ [0, 1]2 : W (x, y) > sup(f)}.
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Proof. Let W be a graphon and f an arbitrary fuzzy set of [0, 1]2 with
sup(f) ≤ sup(W ). By Theorem 2.4, f ◦W is a graphon. Thus the functions
W and f ◦W are integrable on [0, 1]2. By [4, Lemma 4.1],
|t(F ;W )− t(F ; f ◦W )| ≤ |E(F )| · ||W ∗f ||0,
where W ∗f = W − (f ◦W ) and
||W ∗f ||0 = sup
A⊆[0,1]
B⊆[0,1]
∣∣∣∣
∫
A
∫
B
W ∗f (x, y)dxdy
∣∣∣∣ .
It is known (see [4]) that
||W ∗f ||0 ≤ ||W
∗
f ||1,
where
||W ∗f ||1 =
∫ 1
0
∫ 1
0
|W ∗f (x, y)|dxdy.
Thus
|t(F ;W )− t(F ; f ◦W )| ≤ |E(F )| · ||W ∗f ||1.
As W ∗f is a graphon and
W ∗f (x, y) = 0 for all (x, y) ∈ [0, 1]
2 \ {W > sup(f)},
we have
||W ∗f ||1 =
∫ 1
0
∫ 1
0
W ∗f (x, y)dxdy ≤ (sup(W )− sup(f))∆({W > sup(f)},
because sup(W ∗f ) = sup(W )− sup(f). Consequently
|t(F ;W )− t(F ; f ◦W )| ≤ |E(F )|(sup(W )− sup(f))∆({W > sup(f)}).
⊓
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